We consider a Statistical Mechanics approach to granular systems by following the original ideas developed by Edwards. We use the concept of "inherent states", defined as the stable configurations in the potential energy landscape, introduced in the context of glasses. Under simplifying assumptions, the equilibrium inherent states can be characterised by a configurational temperature, 1/β. We link β to Edwards' compactivity and address the problem of its experimental measure. We also discuss the possibility to describe the time dependent distribution probability in the inherent states with an appropriate master equation.
not specific of the material and which are statistically characterised by very few control parameters, such as their density, load or amplitude of external drive [2] . In granular media, however, in typical situations microstates are "frozen", i.e., they don't evolve in time (in absence of some external driving). Actually, an important concern with granular systems is the absence of a finite temperature, since thermal energy plays no role respect, for instance, to gravitational energies involved in grain displacements. Thermal motion of grains can be replaced, instead, by agitation induced by shaking or other form of driving. In this way the system can undergo a dynamics among "frozen" microstates and explore its phase space as well. In facts, granular systems are just one example of a broad category of materials which can be found in "frozen states". An other interesting example is, for instance, the state of a supercooled liquid which has been cooled to T = 0 and falls in one of its "inherent structures" [3] . The inherent structures can be considered as those states corresponding to a minimum of the potential energy in the space of the particles coordinates.
In the context of dry granular material we consider a system made of particles which may have a distribution of shapes and which interact via an hard core potential, so that they are not allowed to overlap. Due to gravitational energy, each particle configuration {r i } corresponds to a potential energy U{r i }. The stable packing configurations are the minima or saddle points of the potential energy or, more generally, all the states which, due for instance to friction, are mechanically stable. These are the inherent states which we label by an index s and with E s their energy.
In this paper we try to introduce statistical concepts, in the perspective of an extension of Edwards' original proposal of a Statistical Mechanics of powders, to describe the status of granular media in their inherent states and during some form of driving such as "shaking".
We also discuss the dynamics among these inherent states by introducing a schematic master equation.
In granular systems the preparation of the sample is very important, since, for a given value of external control parameters, it selects the accessible microstate corresponding to a given macroscopic state. For definiteness, let's consider the dynamics of grains density compaction or decompaction. In particular, here we describe the situation where a system of grains confined in a box under gravity has been prepared by some kind of "homogeneous"
shaking protocol, such as, for instance, by sequences of shakes or "taps" of given amplitude as in typical experimental realizations (see references [2, 4] ). The actual dynamics depends on several parameters such as the tap amplitude Γ = a/g (a is the shake peak acceleration and g the gravity acceleration), frequency and others. During each shake a certain amount of energy is driven in the packs and grains will typically have some potential and kinetic energy. The kinetic part is totally dissipated after the shake is over and the system is almost instantaneously "frozen" in one of the inherent states by stopping vibrations. Such a protocol defines a dynamics among the inherent states.
We say that the system is at stationarity if its macroscopic properties don't change any longer with respect to the given dynamics. We refer to these states as stationary inherent states. We stress that there is no guarantee that the system will always approach stationarity. For example in the experimental work on "reversible and irreversible" compaction cycles [4] , one might have expected that along the irreversible line the system would have not reached stationarity. This was verified in fact on statistical mechanical models for compaction showing that the density-density correlation function shows strong "aging" as much as glasses or spin glasses at low temperatures [5] .
If the system reaches stationarity under a given dynamics, we can ask the question of what is the stationary distribution. Namely what is the probability to find the system in a given inherent state s. We can expect that under stationary condition the system has been "randomised" enough, and therefore, following the original idea of Edwards, we make the assumption that such a distribution is given by a maximisation of the entropy under the condition that the average energy is fixed.
More precisely we consider a statistical ensemble of equivalent systems all prepared in the same way. We indicate with {E r } the energies of the accessible inherent microscopic states of each system and with n r the number of systems with energy equal to E r . The average energy per system is thus E = r P r E r where P r = n r /N is the probability to have a system in the inherent state r.
The configurational entropy can be defined as S = − r P r ln P r . We assume that the stationary distribution is given by the maximal entropy under the constraint which fixes the average energy E. This requirement leads to the Gibbs distribution function:
where the partition function Z = r e −βEr is a normalisation factor and β a Lagrange multiplier determined by the constraint on the energy.
As in standard Statistical Mechanics, we can show that in the thermodynamic limit S is the logarithm of the number of microscopic inherent states, Ω, corresponding to the macroscopic energy E. Actually, we have that ln Z = S − βE. On the other hand Z can be written as Z = r e −βEr = E Ω(E)e −βE and using the steepest descent method, in the thermodynamic limit one obtains: ln Z = ln Ω(E) − βE. Thus, we have that: S = ln Ω(E) and β =
∂S ∂E
, which we call the inverse configurational temperature. In the present definition β is not the usual temperature of the system, which is zero. We now show that β can be related to Edwards' compactivity in the case in which the particles density ρ is constant.
The quantity which characterises an "inherent state" is the particle density function ρ( r).
In the particular case in which the system has a constant density profile, i.e., ρ( r) = ρ 0 in the packs, a one to one correspondence exists between energy and volume. In this case β can be easily related to the "compactivity", introduced by Edwards in his seminal papers [1] . Let's consider for sake of simplicity only hard core and gravity interactions. Actually, if A is the horizontal area of the container and h the packs height (its volume is V = hA), the system energy is: E = mgρ 0 Ah 2 /2 = PV /2, where m is the grain mass and the characteristic pressure P = mgρ 0 h is the weight of the sample per unit surface. Then we have:
The quantity X
, is the "compactivity", introduced by Edwards [1] , which in this case is simply proportional to β.
Within the above context we can also work out a simple example where ρ is not a constant. As stated, the inherent states of a granular system can be characterised by their coarse-grained density spatial distribution, ρ( r), and the partition function of the system may be written as:
is the free energy functional for the system in its inherent states and the integral is over all inherent states.
In the simplest cases the gravitational energy E[ρ] is given by:
the component of r along gravity acceleration, g). S can be approximated by the entropy of a lattice gas of non overlapping grains with :
Here ρ 0 is the maximal accessible density. The minimum of the free energy gives the following Fermi-Dirac equilibrium density profile:
where λ is a chemical potential which fixes the total number of particles. This result is in surprising agreement with experimental findings [2, 6] and reproduce very closely the results based on different approaches [7, 8] .
The precise link between β and experimental control parameters is in general non trivial. As previously stated, a crucial quantity which characterises the dynamics of vibrated granular media is the normalised amplitude of shakes Γ. It is commonly believed that Γ plays the role of an "effective temperature" [2, 5, 8] in such non-thermal systems as granular media [9] .
We want now to relate Γ with the inverse configurational temperature, β, i.e., individuate the function Γ = Γ(β). From eq.(1) using standard statistical mechanics immediately follows 
where Γ 0 is a reference point which could be adequately chosen. Therefore a part from an additive constant in principle it is possible to obtain β as function of Γ. This procedure was experimentally proposed in ref. [4] , but we stress it is only valid when the system has reached stationarity. This technique allows to introduce an universal function β independent on the particular control parameter Γ used in different experiments.
An other way to define β is based on the generalised fluctuation dissipation relations (FDR) extended to granular media [10] . In the linear response theory the FDR relates the system response to a perturbation to its time dependent correlation function in the unperturbed state [14] . These quantities can be measured during the dynamics and so in the latter approach it is possible to associate a meaning to β also in conditions away from equilibrium [15] .
The distribution given by eq.(1) is the equilibrium distribution. When the system is not in equilibrium the probability P r will depend on the discrete time t n = nτ where n is the n-th tap and τ the duration of a single tap. In principle it is possible to write a master equation for such time dependent distribution:
where W rs are the transition probabilities from the inherent state r and the inherent state s. If the system has to approach the equilibrium distribution in the inherent states space we can assume that detailed balance must be satisfied:
The direct evaluation of P r (t n ) from (8) may be not easy. However we want to show a possible alternative way to obtain P r (t n ) using some schematic statistical mechanical models for granular media [7, 11, 13] .
These are lattice models based on an Hamiltonian formalism which takes into account gravity and hard core repulsions which may generate geometric frustration by not allowing two grains to overlap (see [12] ). Here the single tap is schematically reproduced by introducing an effective time dependent temperature T ef f (t) which is a step function which assumes two values T ef f (t) = T Γ when the vibration is on (and the grains average kinetic energy is larger than zero) and T ef f (t) = 0 when the vibration is over (and the kinetic energy is zero) So the implementation of a "tapping sequence" is the cyclical repetition of the above schematic tap, i.e., it consists on cyclically raising the temperature from zero to a finite T Γ for a given time interval and then set it back to zero again. This mimics the shaking process where T Γ plays the role of the shaking amplitude Γ in the experiments, and allows to explore the inherent states.
During the shaking process, when the kinetic energy is different from zero, the state k of the system is not necessarily a mechanical stable configuration. Say P k (t) the probability that the system is in one of such states at time t. The master equation for the probability P k (t) now will be given by:
where now the time is a continuous variable and the transition probability from any state k to any state h, W kh , is a time dependent function which satisfy the detailed balance
where β ef f (t) = 1/T ef f (t) is a step function with two values:
when vibrations are on and β ef f (t) = ∞ when they are over. Notice that in general the quantity β Γ is different from the temperature β previously introduced to describe stationary inherent states: β Γ is related to the agitation of grains induced by the external drive, while β is the configurational inverse temperature which characterises the "frozen" inherent states. These two quantities are linked through the functional relation (6) where Γ is replaced by β Γ . After each tap the system goes into one of the inherent sates, say r. Thus the probability, P r (t n ), to be in the inherent state r after the n-th tap is related to the the probability P r (t) by the following relation:
So, within the above models it is possible to access eq. (7) and the properties of inherent states. The calculations have given general results in surprising agreement with experimental findings ranging from logarithmic compaction to segregation, "memory" and "aging" effects, Fermi-Dirac density profiles, non Gaussian density distributions and others (for a review see [12] ). As an example, we show in Fig.1 the average density of the inherent states, ρ, in one of these models, the Tetris [12] , as a function of T Γ . The system is "shaken" with a given T Γ for a long time and, after switching off shaking, the density of the obtained "frozen" state is recorded.
In Fig.1 , the inherent states at low T Γ are far from stationarity. This is manifested by the fact the the true equilibrium density at T Γ = 0 is 1 in this model and caused by the huge equilibration times present there [5] . The overall behaviour of ρ(T Γ ), at not too small T Γ , is approximately fitted with the following function [16] :
where ∆ρ ≃ 0.23, E 0 ≃ 12 and η ≃ 3. The asymptotic value of ρ for T Γ → ∞ coincides with the minimal stability density of the system, ρ m .
It is very interesting that the results of Fig.1 closely remember those found for inherent structures in supercooled liquids [3] : data about the energy of inherent structures from Ref. [3] have a very close overall behaviour as a function of their equilibration temperature and can be fitted by an expression analogous to eq.(12).
The above simplified approach to the dynamics of granular media has been recently also discussed in Ref. [18] , where a very interesting detailed discussion of the properties of eqs. (9) and (10) (6)) or a dynamical fluctuation dissipation relation. During driving, i.e., when the pack can be also found in states which are not its inherent states, the system can be schematically thought to be in contact with a thermal bath with an effective time dependent inverse temperature, β ef f (t). The inverse configurational temperature, β, and effective temperature, β ef f , are related but very different. It is interesting to note that models from standard statistical mechanics, which can be well understood in the present unifying formalism, are able to describe in a single picture a variety of different properties of granular media, ranging from statics to dynamics [1, 5, 7, 8, [10] [11] [12] [13] [17] [18] [19] [20] .
Interestingly, also other systems may be statistically described within the present approach using the concept of the dynamics among inherent states. For example, glass formers quenched, at T = 0, in their "inherent structures" [3] can let evolve according to a sort of "tap dynamics" based on raising the temperature from zero to T and then back to zero and cyclically repeating this procedure over and over again.
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